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Outline

− Introduction: impurities in Luttinger liquids

− Method: functional renormalization group (fRG)

− Results: local density of states of single impurity

→ spinless fermions

→ spin- 1
2 fermions

transport through quantum dot

→ interplay of correlation effects:

Luttinger-liquid behavior and Kondo physics



Introduction: impurities in Luttinger liquids

− Luttinger liquid:

→ effective low-energy model of correlated electrons in 1D

→ power laws with interaction-dependent exponents (Kρ < 1)

− impurity effects:

→ at low energy scales impurity effectively cuts the chain

→ physical observables determined from open-chain fixed point

local DOS: Dj ∼ |ω|αB αB = (K−1
ρ − 1)/2 > 0

conductance: G ∼ T 2αB

Kane, Fisher ’92
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Owing to the higher work function for the metal, both pieces will be
hole-doped by the electrodes1,5. The difference in electronic struc-
tures and screening properties of metallic and semiconducting
nanotubes will give rise to different band-bending pro®les in the
tube segments away from the electrodes and subsequently a
Schottky-type barrier at the M± S interface, which may explain the
rectifying behaviour across the junction. Further modelling is
required to understand the details of the I±V characteristics.
Each of the two straight segments of the sample in Fig. 1b lies on

two electrodes, which permits their separate characterization and
also two- and four-probe measurements across the kink. Figure 3
shows the temperature (T) dependence of the two-probe con-
ductance (G) measured between different electrodes at zero bias.
At room temperature, the resistances of the two straight segments
are 56 and 101 kQ respectively, with no gate-voltage dependence,
demonstrating that both are metallic. The resistance across the
junction is 608 kQ, which is much higher. As the temperature
decreases, all the conductances decrease monotonically. The con-
ductance across the junction is much more temperature-dependent
than that of the two straight segments, and decreases over one order
of magnitude as the temperature decreases from 300K to 50K.
Four-probe and two-probe measurements across the kink give
essentially the same conductance value, indicating that the observed
temperature dependence is completely dominated by the junction
itself.
Although a defect is always expected to degrade the conductance,

simple tight-binding calculations, which neglect electron± electron
interactions, of the conductance across a metal ± metal (M± M) kink
junction cannot produce the large suppression seen in our
experiments15. In Fig. 3 the data are plotted on a double-logarithmic
scale. It appears that all the conductances can be ®tted with a power-
law function of T, G ~ T

a, which is particularly convincing for the
conductance across the junction because of its strong temperature
dependence. P ower-law behaviour of G versus T was reported
recently for metallic ropes of nanotubes16, and was interpreted as
a signature for electron± electron correlations17,18. It has been known
for decades that electron interactions are of great importance in
one-dimensional transport19. Electrons form a correlated ground
state called Luttinger liquid (LL), in which the tunnelling density of

states is suppressed as a power-law function of energy, r�E� ~ E
a.

Tunnelling into the end of an LL is more strongly suppressed than
into the bulk, that is, the exponent for end tunnelling aend is larger
than the exponent for bulk tunnelling abulk. For an LL connected
to three-dimensional reservoirs by tunnel barriers, the tunnelling
conductance in the linear-response regime should vary as
G�T� ~ T

a (for eV p kBT, where e is the electron charge and kB is
the Boltzmann constant) and the differential conductance dI/dV at
large bias (eV q kBT) should vary as dI=dV ~ V

a. An interesting
question arises when a tunnel junction is placed between two LLs
(ref. 19). To a ®rst-order approximation, the tunnelling conductance
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Figure 3 Linear-response two-probe conductances G of segments I and II and across the

metal ± metal junction of Fig. 1b, plotted against temperature T on a double-logarithmic

scale. The data are ®tted (solid lines) by the power law, G�T � ~ T
a, which is associated

with the suppression of tunnelling density of states in a Luttinger liquid. The exponents a

for the two straight segments are 0.34 and 0.35 respectively. The ®t is particularly

convincing for the data across the kink. An exponent of 2.2 is obtained, which is

consistent with end-to-end tunnelling between two Luttinger liquids. A thermally activated

form for transport over a tunnel junction of barrier height U, G ~ exp�2U =k BT �, does not

®t well. For the two straight segments, the overall behaviour is similar to that reported for

ropes of nanotubes16, and is typical for our samples of individual SWNTs with similar

conductance values (H. P. et al., unpublished results). The low-temperature deviation

from the power law is due to the Coulomb-blockade effect, which sets in when k B /T

becomes comparable to the charging energy, E c � e
2
=2C , needed to put an extra

electron onto the nanotube, where C is the total capacitance of the tube.
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Figure 4 Large-bias transport characteristics measured across the metal ± metal junction

of Fig. 1b. a, Nonlinear I ± V characteristics at different temperatures showing consistency

with the Luttinger model. The data are ®tted (solid lines) by a phenomenological functional

form I � C 1T
a
V �1� C 2�eV =k BT �

a�, where C1 and C2 are constants. An exponent of

a � 2:1 is obtained which is similar to the value from G versus T measurement across

the kink. The inset shows I ± V curves at temperatures of 298 K, 200 K, 150 K, 100 K and

50 K. b, Scaled differential conductance (dI/dV )/T a across the junction plotted against

eV /k BT, where a � 2:2 is obtained from the power-law ®t of G versus T across the kink.

The data taken at various temperatures appear to collapse onto one curve. dI/dV is

obtained by numerically differentiating the I ± V curves shown in a. The dashed line

represents the theoretical scaling function expected for the end-to-end tunnelling

between two Luttinger liquids. At large bias, the measured conductance is lower than the

theoretical prediction. Several factors may be responsible for the deviation. We have

assumed that the voltage applied between the two contacts drops entirely across the

junction, which is reasonable at small bias. As bias voltage is increased, however, more

and more voltage drop will occur at the contacts because tunnelling conductance across

the contacts (bulk tunnelling) increases less strongly as a function of voltage than that

across the junction (end-to-end tunnelling). This effectively leads to reduced conductance

across the junction compared to the case where one assumes a complete voltage

drop across the junction. Additionally, the tunnelling amplitude across the junction may be

energy-dependent at large bias. If the junction is viewed as a nanometer-sized capacitor,

charging it to a few hundred millivolts may lead to a strong electrostatic force which could

possibly deform the junction and reduce the transmission.

Yao et al. ’99

conductance through

kink in carbon nanotube:

power law



Aim:

development of quantitative theory for microscopic models

of interacting Fermi systems:

I computation of observables on all energy scales,

providing also non-universal properties

I determination of scale at which universal asymptotics sets in



Microscopic model

1 L1 Lj
0

t

U 

U’ 
V 

H = −t
∑

j,σ(c†j+1,σcj,σ + c†j,σcj+1,σ)

+U
∑

j nj↑nj↓ + U ′ ∑
j njnj+1 + Himp

site impurity:

hopping impurity:

Himp = Vnj0 (j0 impurity site)

Himp = (t − t ′)(c†j0+1,σcj0,σ
+ h.c.)



Method: functional renormalization group (fRG)

I general formulation of Wilson’s RG idea

I generating functional of m -particle interaction

I introduction of IR-cutoff Λ in GΛ
0 (iω) = Θ(|ω| − Λ)G0(iω)

I exact infinite hierarchy of coupled flow equations:

�
���
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�

� GΛ = [(GΛ
0 )−1 − ΣΛ]−1

SΛ = GΛ [∂Λ(GΛ
0 )−1]GΛ

Figure 1 : Flow eq ua tio n fo r th e selfen ergy ΣΛ.
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Figure 2 : Flow eq ua tio n fo r th e 2 -p a rtic le vertex ΓΛ.
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Figure 1 : Flow eq ua tio n fo r th e selfen ergy ΣΛ.
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Figure 2 : Flow eq ua tio n fo r th e 2 -p a rtic le vertex ΓΛ.

3 2

I initial conditions: ΣΛ0 = bare impurity potential
ΓΛ0 = bare interaction

I truncation of hierarchy: ΓΛ
3 = ΓΛ0

3 = 0

Wetterich ’93, Morris ’94, Metzner ’99, Salmhofer and Honerkamp ’01



Results: Local DOS at impurity

impurity induces long-range

2kF oscillations

⇓

strong suppression

of DOS at Fermi energy:

Dj0−1 ∼ |ω|αB

boundary exponent αB

independent of impurity potential
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D
j 0
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n = 1/2, V = 1.5, L = 1025

spinless fermions



Results:

Spinless fermions: effective exponents

Dependence on impurity potential

V = 0.1
V = 0.3
V = 1
V = 3
boundary

L

α

106105104103102

0.2

0.1

0

-0.1

-0.2

→ convergence to

universal boundary

exponent in general

very slow

1
L ∼ V

1
1−Kρ

→ non-universal

behavior relevant!



Results:

Spin-1
2

fermions: local DOS at boundary

U = 2

U = 1

U = 0.5

U = 0

ω

D
1

10.80.60.40.20-0.2-0.4

0.4
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0

0.010-0.01
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0.35

parameters:

U ′ = 0
n = 1/4
L = 4096

L = 106

− clear increase instead of expected suppression

in contrast to low-energy description!

− effect of 2-particle backscattering



Discussion: Effect of 2-particle backscattering Ṽ (2kF )

Hartree-Fock:

Dj(ω) = D0
j (ω)

[
1 + Ṽ (0)−2Ṽ (2kF )

2πvF
log |ω/εF |+O(Ṽ 2)

]
− bare Hubbard model: Ṽ (0)− 2Ṽ (2kF ) = −U < 0 → increase

suppression through O(Ṽ 2)

− extended Hubbard model: Ṽ (0)− 2Ṽ (2kF ) = 2U ′[1− 2 cos(2kF )]− U

for Ṽ (2kF ) = 0

→ similar behavior as

for spinless fermions U = 2

U = 1

U = 0.5

U = 0

ω

D
1

10.50-0.5-1

0.3

0.2

0.1

0



Results: linear conductance

G (T ) = −2 e2

h

∫
dε f ′(ε) |t(ε)|2 with |t(ε)|2 ∼ |G1,N(ε)|2

spinless fermions spin- 1
2 fermions
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development of clear power laws parameter dependent,

in general non-universal behavior relevant!

PRB 73, 045125 (2006), Enss et al. ’04, Meden et al. ’04



Resonant tunneling through a quantum dot

Postma et al. ’01

Luttinger - liquid behavior

in quantum wire

width w ∼ N (Kρ−1)/2

Goldahber-Gordon et al. ’98 Cronenwett et al. ’98

Kondo physics

in quantum dot

resonance plateau

w ∼ U

(independent of N)

→ interplay of correlation effects



Conductance through a single dot: Kondo physics

L RU

Vg

t’t’

Kondo effect
(Kondo ’64, . . . , Glazman & Raikh ’88, Ng & Lee ’88)
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exponential pinning at µ:

V = Vg exp[−U/(πΓ)]

Kondo ’64; Glazman, Raikh ’88; Ng, Lee ’88; PRB 73, 153308 (2006)



Conductance through a single dot: Kondo physics

Comparison with exact results

Gerland et al. ’00, Karrasch et al. ’06



Tunneling with Luttinger - liquid leads
Tunneling with Luttinger liquid leads

L R
t L t R

Vg

U=0

U U’

Luttinger liquid

with characteristic power laws
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Kane, Fisher ’92; Ejima et al. ’05



Kondo effect and Luttinger - liquid leads
Kondo effect with Luttinger liquid leads

L R
t L t R

Vg

U U’

U>0

competing effects:

− Luttinger liquid: w → 0

− Kondo effect: w ∼ U
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g : G(V r

g )/(2e2/h) = 1

Vg 6= V r
g : 1− G(Vg )/(2e2/h) ∼ N1−Kρ

→ low-energy limit:

Luttinger liquid!

PRB 73, 153308 (2006)



Conclusions

I Analysis of spectral and transport properties with fRG technique:

− flexible microscopic modeling of geometries, leads and contacts

− determination of relevant energy scales and non-universal behavior

I Results:

→ for moderate interaction and impurity parameters

large systems required to reach low-energy asymptotics

→ spin- 1
2 : effects of 2-particle backscattering

− deviation from low-energy description

− logaritmic corrections

→ double barrier: Kondo effect relevant on experimentally

accessible length scales



Luttinger-liquid parameter Kρ

Comparison with exact results

bare Hubbard model
U = 1, U = 2

extended Hubbard model
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